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Eects of nozzle-upstream entropy perturbations on the acoustic radiation from heated
jets are investigated. For this, a model problem is considered, in which a gas-turbine
combustor discharges reaction products through a converging nozzle into the ambient en-
vironment. The turbulent reacting ow eld in the combustor is computed using large-eddy
simulation (LES), and the unsteady ow-eld at the combustor exit is extracted to provide
realistic inow conditions to the jet-ow simulation. To study the indirect coupling pro-
cess, arising from the interaction of the combustion-generated entropy uctuations with the
adverse pressure gradient through the nozzle, a linearized Euler formulation is employed.
Parametric studies are performed to investigate eects of frequency and amplitude of the
nozzle-upstream entropy perturbations on the jet instability and the jet noise directivity.
Simulation results show that the directivity is dependent on the perturbation frequency.
Excitation near the preferred shear-layer instability leads to strong acoustic radiation in
the 45 forward direction, and the radiation angle decreases with decreasing excitation
frequency.
I. Introduction
Jet exhaust noise is a major contributor to the far-eld radiation in low-bypass aircraft engines. Over
the last thirty years, signicant progress has been made in understanding the noise-generating mechanisms
of subsonic and supersonic jets.1{3 Specically, the noise from imperfectly expanded jets can be separated
in contributions from turbulent mixing noise, broadband shock-associated noise, and screech tones. The
relative intensity of these individual noise source components is dependent on operating conditions.
Apart from the direct propagation of core noise to the far eld, core noise uctuations can play a pivotal
role in the jet noise amplication.4 Experimental studies have shown that tonal and broadband excitations
upstream of the nozzle exit can amplify the jet noise by as much as 5{10 dB compared to the unforced
condition.5{7 In particular, Bechert & Pzenmaier7,8 reported a pronounced broadband shift of the radiated
sound for excitations at the preferred shear-layer frequency. These observations on the jet noise amplication
were conrmed by Berman9 for axial and coaxial low-bypass jets; they attributed this so-called excess noise to
the excitation of the shear layer and subsequent increase in turbulent stresses. Comprehensive experimental
investigations by Lu5 in coaxial jets at simulated high bypass ratio engine conditions showed that also
broadband excitations can generate signicant excess jet noise, which increases with increasing excitation
level.
Although detailed understanding and comprehensive data about excess noise in heated and imperfectly
expanded jets are largely missing, an experimental study by Jubelin10 concluded that heated jets are more
receptive to upstream excitations, and the generated excess noise has a pronounced directivity in the for-
ward direction. Furthermore, measurements in supercritical jets showed that shock-associated noise can be
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strongly amplied. Compared to subsonic jets, these far-eld spectra did not show evidence of the tonal ex-
citation, which suggests that the absence of irregularities in the spectral shape is insucient to discriminate
between excited and unexcited jet noise.10
Toward investigating the eect of turbulence on the jet-acoustic response, experimental investigations
by Raman et al.11 revealed that the frequency of the preferred mode and excitation amplitude depends on
the initial level of turbulence intensity. Comprehensive investigations by Ahuja and coworkers examined the
jet noise broadband amplication problem using ow visualization,12 ow measurements12,13 and acoustic
measurements.14 They concluded that amplied large-scale structures result in increased small-scale turbu-
lence and the small-scale turbulence is responsible for the increased broadband noise.14 Theoretical results
by Zaman showed that excitations enhance the vortex pairing, which is responsible for the increased sound
generation.15
The objective of this work is to investigate eects of nozzle-upstream perturbations on the acoustic
radiation in heated jets. To this end, large-eddy simulations of a model gas-turbine combustor are performed
to provide realistic combustor exit conditions. The combustor exit is connected to a converging nozzle,
discharging the combustion products into the ambient environment. Details regarding the model problem
and computational conguration are given in the next section. A linear Euler formulation is used to model
the indirect noise-generation that results from the coupling between entropy inhomogeneities exiting the
combustor and pressure radiation. The computational model for the description of the combustor, the
jet mean-ow simulation, and linearized Euler formulation are discussed in Sec. III. Modeling results are
presented in Sec. IV, and the paper nishes with conclusions.
II. Problem Formulation















Figure 1. Direct and indirect noise source contributions orig-
inating from unsteady combustion process, non-linear coupling
mechanisms, and jet noise amplication; Arrows in blue show the
indirect core noise contributions.
In aircraft engines several acoustic in-
teraction processes exists, and the under-
lying coupling mechanisms are schemati-
cally illustrated in Fig. 1. Specically, the
unsteady ow-eld in the combustor gen-
erates inhomogeneities in vorticity, pres-
sure, and entropy. Pressure perturbations
that are generated in the engine are com-
monly associated with direct-noise contri-
butions that propagate downstream, exit
the nozzle, and radiate to the far-eld.
Although dependent on engine congura-
tion and operating regime, these direct
core noise contributions typically fall in
the low-frequency range, corresponding to
the 200-400 Hz frequency band.16,17 In this context it is also noted that these direct noise-sources can act as
a bypass mechanism to excite thermo-acoustic instabilities in the combustor,18{21 and even relatively weak
interactions can trigger combustion instabilities.22
Apart from combustion-generated pressure perturbations, the unsteady combustion process generates
velocity and entropy uctuations that exit the combustor, and are convected to the nozzle. As shown by
Marble & Candel,23 these entropy perturbations interact with the pressure gradients in the turbine and the
nozzle, and are converted to acoustic pressure perturbations. This process is referred to as indirect noise.
The present work is concerned with investigating eects of entropy perturbations on the acoustic radiation
in heated jets. A schematic of the model-problem is illustrated in Fig. 2, and consists of a gas-turbine
combustor which is connected to a converging nozzle, expanding the combustor exhaust products into the
ambient environment. Large-eddy simulations of the combustor are performed to evaluate the mean-ow and
uctuating quantities at the combustor exit. The mean-ow in the nozzle and the jet is obtained as solution
of a steady-state Reynolds-averaged Navier-Stokes (RANS) simulation, and the spatio-temporal evolution of
the perturbations of pressure, velocity, and entropy are evaluated from the linearized Euler equations (LEE).
Details on the mathematical model, geometric congurations, and operating conditions are provided in the
next section.
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Figure 2. Schematic of the model-problem, consisting of (i) a large-eddy simulation of a model gas turbine
combustor for predicting transient combustor exit conditions, and (ii) simulation of the nozzle ow and acoustic
far-eld radiation.
III. Computational Model
A. Gas Turbine Combustor Model
Figure 3. Schematic of gas turbine
model combustor.24,24
In this work, we consider the gas turbine model combustor (GTMC)
that was experimentally investigated by Meier et al.24,24 A schematic
of the burner is illustrated in Fig. 3. The injector consists of a central
air nozzle, an annular fuel nozzle, and a co-annular air nozzle. Both
air nozzles supply swirling air at ambient temperature from a common
plenum. The inner air nozzle has a diameter of 15 mm; the annular
nozzle has an inner diameter of 17 mm and an outer diameter of 25
mm. The measured swirl number is 0.55. Non-swirling fuel is provided
through three exterior ports fed through the annular nozzle. The exit
plane of the central air nozzle and fuel nozzle lies 4.5 mm below the
exit plane of the outer air annulus. The combustion chamber has a
square cross section of 85 mm in width and 110 mm in height. The
exit of the combustion chamber is an exhaust tube with a diameter of
40 mm and a height of 50 mm.
The spatio-temporal evolution of the unsteady turbulent ow-eld
is obtained from the solution of a low-Mach number variable density
formulation. Turbulent combustion, heat-transfer, and species conver-
sion are described using a amelet/progress variable (FPV) formula-
tion.25,26 In this combustion model, all thermochemical quantities are
parameterized by a two-scalar manifold, consisting of mixture frac-
tion Z (which accounts for the mixing of reactants) and a progress
variable C to represent the progress of reaction and fuel conversion.
Turbulence/chemistry interaction, occurring on the computationally unresolved scales, is modeled using a
presumed PDF-closure.
The entire burner, consisting of plenum, swirler, combustion chamber, and exhaust, is discretized using a
hexahedral mesh. The regular geometry of the plenum, combustion-chamber, and exhaust allows for utilizing
a regular block-structured grid, and an unstructured grid is employed for discretizing the swirler-module.
The computational mesh consists of 5.5 million control volumes. Although not further considered in this
contribution, a grid-convergence study was performed to assess the sensitivity of the numerical solution to
the mesh-resolution.
In the present simulation the stably-operating burner conguration, designed as \ame A",24 is consid-
ered. In this conguration, the ame is stabilized and no acoustic coupling was experimentally observed. The
burner is operated with methane and its thermal power output is 34.9 kW. The air mass-ow rate is 1095
g/min and fuel is supplied at a mass ow-rate of 41.8 g/min, corresponding to an overall equivalence ratio
of  = 0:65. The reaction chemistry is described by a detailed methane reaction mechanism,27 consisting of
279 reactions among 49 species.
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Computational results, obtained from this large-eddy simulation, are presented in Fig. 4. The instanta-
neous axial velocity eld is shown in Fig. 4(a). Air is entering the combustor at the bottom through the
plenum. By passing through the swirlers, tangential momentum is imparted on the uid, which induces shear
and promotes rapid mixing with the fuel stream after exiting the swirl-nozzle. The rapid mixing between
reactants can also be observed from the instantaneous mixture fraction eld that is shown in Fig. 4(b). The
black solid line corresponds to the isocontour of stoichiometric mixture, and can be associated with the
location of maximum heat release.
The instantaneous temperature eld is shown in Fig. 4(c). From this gure it can be deduced that the
ame is almost planar and anchored near the nozzle. Recirculation zones in the corner region and upstream
of the nozzle are evident. By entraining cold uid and reducing the strain-rate, these regions promote mixing
of air with hot reaction products and stabilize the ame. With increasing downstream distance, reactants
and products mix, leading to a nearly homogeneous mixture at the combustor exit.
The combustion products are discharged through a converging nozzle into the ambient environment, and
eects of transient combustor exit conditions on the acoustic radiation are investigated. The computation of
the nozzle-ow and simulation of the acoustic radiation using a linearized Euler formulation are presented
in the next section.
(a) Normalized axial velocity (b) Mixture fraction (c) Temperature
Figure 4. Instantaneous ow-eld results along a cross-sectional plane through the gas turbine model com-
bustor, showing (a) axial velocity (b) mixture fraction, and (c) temperature. The solid line corresponds to the
isocontour of stoichiometric mixture.
B. Jet Mean Flow Computation
The exit of the combustor is connected to a converging nozzle, and a separate steady-state RANS computation
is performed to compute the ow in the nozzle and the heated jet. This RANS simulation begins at the
nozzle inlet, at which ow-eld conditions from the combustor simulation are prescribed. The nozzle inlet
conditions for the mean-ow simulation are obtained by averaging over the combustor exit area, resulting in
a mean temperature of h eT i = 1752 K and mean pressure of hpi = 2 bar (corresponding to a combustor exit
Mach number of 0.123).
The geometry of the nozzle is approximated by a cubic polynomial, having the following form
r = 172:8x3 + 12:96x2 + 0:0092 [m] for   0:05 m  x  0 ; (1)
where r and x are the radial and axial coordinates. The nozzle has zero slopes at both ends and a thickness
of 1mm with a round trailing edge. The nozzle geometry together with the geometry-conformal mesh around
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Figure 5. Nozzle geometry and geometry-conformal mesh around the nozzle geometry.
nozzle exit Mach number is 0.95 and the Reynolds number, Re = UJDJ=, is 200,000. The computational
domain for the jet mean-ow simulation extends up to x = 1 m and the spatial extend in radial direction
is r = 0:5 m, corresponding to 54 and 27 nozzle exit diameters, respectively. The entire computational
domain was discretized using 300,000 control volumes, and a grid-renement study was performed to ensure
that the solution is grid-independent. A geometry-conformal structured mesh is used within the nozzle and
an unstructured grid is used to discretize the nozzle-exterior domain. Local grid renement is employed in
the shear-layer region. A nite volume method is used to solve the compressible Navier-Stokes equations in
an axisymmetric domain. The steady RANS equations are solved using a second-order upwind ow solver
with standard k   " turbulence model. Pressure boundary conditions are enforced at the outlet, and gauge
pressure of 1 bar and temperature of 1752 K are prescribes as inlet conditions.
Figure 6 compares simulation results from the 2D RANS computation with analytical results that are
obtained from 1D nozzle theory. Overall, good agreement is obtained, and small dierences near the nozzle
exit are attributed to the formation of expansion fans as results of the under-expanded nozzle exit condition.
Shown in the middle gure is the temperature along the nozzle axis. Temperature is normalized by the
ambient condition. Corresponding to the combustor operating conditions and the nozzle geometry, the
temperature ratio at the nozzle exit is TJ=T0 = 5:
























1D Nozzle Theory 









































Figure 6. Comparison of ow-predictions through the nozzle: axial velocity (left), temperature (middle), and
pressure (right).
Due to the under-expanded nozzle condition (see right of Fig. 6), an expansion fan forms at the nozzle
lip, resulting in velocity oscillations near the nozzle. This is illustrated in Fig. 7, showing the mean axial
velocity along the jet centerline. To facilitate a qualitative comparison of the simulation results, we also
present measurements that were reported by Plumblee et al.28 It is noted that exit condition and heating
ratio are not representative for the conguration under investigation, but nevertheless enables a relative
comparison.
The mean axial velocity eld and mean temperature eld are shown in Fig. 8. Velocity contours through
the nozzle indicate the presence of two-dimensional eects, and the presence of a shock-cell near the nozzle
exit is observable. The mean temperature eld is shown on the right of Fig. 8. Due to the expansion through
the nozzle, the temperature reduces by approximately 250 K. The temperature aects the thermoviscous
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Figure 7. Axial velocity along jet centerline. Experimental data28 for qualitative comparison are shown by
symbols.
properties, increasing the viscosity and thereby suppressing the turbulence generation. Theoretical analysis
by Monkewitz & Sohn29 suggests that heated jets can exhibit regions of absolute instability in the potential
core, and this stability boundary is dependent on operating conditions and density ratio. Regions of absolute
instability can lead to exponential growth of perturbations that are generated upstream of the nozzle exit.
These absolute instability regions can enhance the noise generation, and this issue will be addressed in the
next section.
Figure 8. Predicted jet mean ow eld: axial velocity (left) and temperature (right).
C. Linearized Euler Model
1. Mathematical Model
The evolution of the jet ow is governed by the unsteady Navier-Stokes equations which are here written for
pressure p, velocity u, and entropy s. These equations can be written in non-dimensional form as:
@tp+ u  rp+ pr  u = (   1) [C +D] ; (2a)









r   ; (2b)
@ts+ u  rs =
1
p
[C +D] ; (2c)
where C =  1
1
Re Prr  (rT ) is the heat ux, D = 
M2
Re  : ru is the viscous dissipation, and  is the
viscous stress tensor.
To obtain the linearized Euler equations (LEE), the state vector (x; t) = (p;u; s)T is decomposed into
mean and uctuating components, (x; t) = (x) + 0(x; t), in which an over-bar denotes a mean quantity
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and the prime refers to a perturbation. After expanding Eqs. (2), and neglecting viscous and higher-order
terms, the linearized Euler equations can be written as:
@tp











0 + u0  rs+ u  rs0 = 0 : (3c)
The density uctuation 0, appearing in Eq. (3), is not an independent state variable, and is related to
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s0 : (4)




















The linearized Euler equations are solved numerically in a generalized axisymmetric coordinate system. All
spatial derivatives are discretized using a 4th-order dispersion-relation-preserving (DRP) scheme,30 and a low
dissipation dispersion Runge-Kutta (LDDRK) scheme is used for time-advancement.31 The DRP scheme,
as implemented in the solver, uses a central dierence stencil in the interior of the computational domain.
However, a one-sided biased stencil is used near the boundaries. The biased stencil allows for the treatment of
wall boundary conditions, as proposed by Tam & Dong.32 In this method, impermeable boundary conditions
at solid walls are enforced through the pressure in the ghost-cell region. Symmetry boundary conditions are
applied along the centerline. Boundary conditions at the inlet and the far-eld are described using the
characteristic boundary conditions. In addition to these nonreecting boundary conditions, a sponge zone is
included to further dampen any spurious reections. Although this boundary treatment may be less eective
than more sophisticated methods such as a perfectly matched layer (PML), it is applicable to more general
congurations and was successfully employed by Barone & Lele.33 Time-dependent perturbations at the
inlet were imposed through the sponge layer and the sponge strength was adjusted to minimize phase-lag
and retain the correct perturbation amplitude.
Due to the geometric complexity of the nozzle it is dicult to utilize a single curvilinear mesh without
introducing grid singularities. To address this issue, an overset mesh-strategy is utilized, and two overlapping
curvilinear grids are used. The region surrounding the nozzle is discretized using a C-grid, and a stretched
Cartesian grid is used to discretize the rest of the computational domain. The exchange of ow-eld in-
formation between both grids is accomplished through a 6th-order accurate interpolation scheme using the
Overture-framework,34 and a 6th-order implicit lter35 is used to suppress spurious oscillations.
3. LEE Verication
The LEE-solver that was outlined in the previous section is veried using a benchmark conguration that
describes the acoustic radiation of a harmonic point source which is immersed in a parallel shear-ow.36
Parameters and operating conditions are identical to the benchmark case, and results of this verication
study are presented in Fig. 9. Figure 9(a) shows the instantaneous pressure eld; evident from this gure is
the presence of a convective Kelvin-Helmholtz instability that propagates in the jet forward direction, and
an acoustic mode that radiates in the sideline direction. A comparison of simulation results and analytical
results along the sideline y = 15 m at the beginning of the excitation period is shown in Fig. 9(b). Overall,
the numerical results are in good agreement with the analytical results except for the region x > 70 m.
This discrepancy can be attributed to the formation of a shear-layer instability (see Fig. 9(a)), which is not
contained in the analytical solution.
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Figure 9. Verication of LEE-solver: (a) Pressure eld at the beginning of an oscillation period, (b) Quanti-
tative comparison between numerical results and analytical solution.36
IV. Results
A. Computational Conguration
The computational domain for the LEE simulation is schematically illustrated in Fig. 10. The axial length
of the simulation domain, Lx, is 0.5 m and its radial extend is Lr = 0:2 m. The background Cartesian mesh
uses 504 grid points in the stream-wise direction and 168 grid points in the radial direction. The C-grid
around the nozzle has 480 grid points along the nozzle geometry and 30 grid points normal to the nozzle-wall.
The shaded region in Fig. 10 indicates the sponge-layer, which is extruded into the domain. The dimension
of the sponge zone and the corresponding sponge strength parameter  are summarized in Tab. 1. Following
a quadratic decay-law, the forcing strength in the sponge zone decrease from the prescribed value of  at










Figure 10. Schematic of the computational domain.
Lsi Lso Lsu si so su
0.015m 0.05m 0.1m 105 10 10
Table 1. Sponge zone parameters.
B. Specication of Boundary and Mean-ow Conditions
Transient inow conditions at the nozzle inlet are obtained from the solution of the combustion-simulation,
which was discussed in Sec. A. Since this simulation employs a low-Mach number formulation, information
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about pressure perturbations are not available, and only entropy inhomogeneities are prescribed as nozzle-
upstream ow-eld perturbations in the LEE-model. To this end, the time history of the density eld at the
combustor exit was recorded, and a proper orthogonal decomposition was used to extract the rst energetic
radial mode. From this model the corresponding entropy perturbation prole is evaluated using the linearized
thermodynamic relation of Eq. (4). Harmonic oscillations of this entropy mode of the form
s0(r; t) = bs(r) cos(St 2t) (6)
are then enforced at the inlet. In this equation, St is the Strouhal number, t is the non-dimensional time, and
the rst energetic entropy POD-mode bs(r) is shown in Fig. 11. This time-dependent boundary condition
is prescribed at the nozzle inow. In the following, three dierent forcing frequencies, corresponding to
St = f0:255; 0:051; 0:0255g, are considered, and simulation results are presented in the next section.














Figure 11. Entropy mode bs(r) obtained from POD-analysis.
C. Results and Discussion
In this section, modeling results from the LEE-formulation are presented. The reader is reminded that this
investigation focuses on the ow-eld response to nozzle-upstream perturbations, and non-linear noise-source
mechanisms, arising from the turbulence/acoustic/mean-ow interaction are not considered. A numerical
investigation of the impulse response showed that the jet-ow is convectively unstable, and an absolutely
unstable behavior was not observed for this particular operating condition.
Instantaneous ow-eld results for pressure and entropy at three dierent Strouhal numbers are presented
in Fig. 12. Entropy perturbations at the nozzle inlet interact with the pressure gradient through the nozzle.
This coupling process leads to the generation of pressure and velocity instabilities that propagate as acoustic
and convective waves, respectively. The spatial evolution of the pressure and entropy waves in the jet-near
eld shows that the directivity and growth-rate of the instability waves are dependent on the excitation
frequency. The conguration with the highest excitation frequency of St = 0:255, shown in the rst row
of Fig. 12, exhibits a pronounced directivity of the pressure radiation in the 45 forward direction. Unlike
the pressure, the entropy-eld, shown in Fig. 12(b), only exhibits a weak growth, and the perturbations
decay beyond x=DJ = 15: The excitation frequency of St = 0:255 is close to the preferred shear-layer
instability. A reduction of the excitation frequency by a factor of 5 and 10, respectively, leads to a shift in
the directivity towards the jet forward direction and enhanced amplication of the hydrodynamic instabilities
in jet-downstream direction. Figures 12(d) and 12(f) show that the entropy waves are stretched along the
axial direction and are amplied for x=DJ > 10:
A comparison of the pressure directivity in the jet near-eld conrms the frequency-dependent jet noise-
radiation. This comparison is illustrated in Fig. 13, showing the root-mean-square pressure signal at a radial
distance of r=DJ = 8:5 along the axial direction. This comparison conrms the frequency-dependent shift in
the directivity, and the pressure radiation shifts towards the jet-forward direct with lower frequency. This
requires further consideration and is addressed in subsequent work.
A comparison of the pressure signal and power spectral density at a measurement location of x=DJ = 15
and r=DJ = 8 is presented in Fig. 14. It can be seen that after a short transition period, the pressure signal
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(a) Pressure, St = 0:255 (b) Entropy, St = 0:255
(c) Pressure, St = 0:051 (d) Entropy, St = 0:051
(e) Pressure, St = 0:0255 (f) Entropy, St = 0:0255
Figure 12. Instantaneous ow-eld results for pressure (left) and entropy (right) for three dierent Strouhal
numbers: St = 0:255 (top), St = 0:051 (middle), and St = 0:0255 (bottom).
oscillates at the excitation frequency, which is a direct result of the linear model-formulation. It is also noted
that the magnitude of the pressure signal is dierent for all three cases. We attribute this to the specication
of the inow perturbation, Eq. (6), whose rms-value is frequency-dependent.
V. Summary and Conclusions
Eects of nozzle-upstream entropy perturbations on the acoustic radiation from a heated jet are inves-
tigated. For this, a model problem is considered, in which a gas-turbine combustor discharges reaction
products through a converging nozzle into the ambient environment. The turbulent reacting ow eld in the
combustor is computed using large-eddy simulation (LES), and the unsteady ow-eld at the combustor exit
is extracted to provide realistic inow conditions to the jet-ow simulation. A steady-state RANS simulation
is employed to compute the nozzle and the jet mean-ow. A linearized Euler formulation is used to simulate
the spatio-temporal evolution of ow-eld uctuations for velocity, pressure, and entropy, and the coupling
to the mean ow. The linearized Euler equations are solved in a generalized curvilinear coordinate system
using a 4th-order accurate spatial discretization scheme.
Parametric studies are performed to investigate eects of frequency and amplitude of the nozzle-upstream
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Figure 13. Near-eld directivity at a distance r=DJ = 8:5 along the axial direction.






















































Figure 14. Comparison of pressure signal (a) and power spectral density (b) at measurement location x=DJ = 15
and r=DJ = 8.
entropy perturbations on the jet instability and the jet noise directivity. Simulation results show that
the directivity is dependent on the perturbation frequency. Excitation around the preferred shear-layer
instability leads to strong acoustic radiation in the 45 forward direction, and the radiation angle decreases
with decreasing excitation frequency.
Further research will focus on extending this analysis to dierent POD-excitation modes to investigate
the sensitivity of the spatial structure on the jet instability. Another research direction addresses the con-
sideration of the non-linear interaction between mean-ow, turbulence, and acoustic perturbations.
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